Kiawe (Prosopis pallida), a mesquite tree considered invasive in many parts of the world including Hawai'i, has been shown to reduce regional groundwater levels via deep taproots. In areas where aquifers are primary sources of fresh water, kiawe control has the potential to be an integral component of water management planning. We develop an analytical dynamic framework for the joint management of kiawe and groundwater, and show that optimal water management depends on expected kiawe damages, while optimal kiawe removal depends on groundwater scarcity and removal cost. Using data from the Kīholo aquifer on the west coast of Hawai'i Island, we solve for joint management decisions with corresponding parameters related to kiawe damage and water scarcity. With 1.5% water demand growth, Kiawe should be removed if the removal cost is below $1,884/ha. Our numerical results indicate that kiawe damage is nonlinear in the rate of water demand growth. The damage costs can be attributed to three main factors. When demand growth is low, kiawe damage is driven by a higher water extraction cost. For moderate growth, the effect is compounded by anticipated future scarcity. Damage is amplified by a backstop cost effect when the growth rate is high.
Introduction
Kiawe (Prosopis pallida) is a nonnative tree introduced to Hawai'i in the early nineteenth century that can potentially reduce coastal groundwater quality by providing nitrogen-rich organic material for leaching, as well as reduce regional groundwater levels via deep taproots (Richmond and Mueller-Dombois, 1972, Dudley et al. 2014) . Kiawe can be found in both coastal wetlands and upland ecosystems, covering over 60,000 ha of the state's total land area (Gon et al. 2006) . The introduction of kiawe into leeward coastal areas of Hawai'i Island has been shown to increase groundwater uptake, altering local hydrological processes including possible reductions in submarine groundwater discharge (Dudley et al. 2014 ).
The objective of this paper is to help extend the principles of resource economics to deal with the joint management of interdependent resources, and provide an illustrative case from Hawai'i, where the groundwater uptake of an invasive species detracts from the aquifer stock. Building off of a simple model developed in Burnett et al. (2014) , we employ a standard approach of maximizing the present value (PV) of net benefits generated by the groundwater aquifer, and specify the optimal steady state stock level of both stock of water and invasive species, while characterizing the path of optimal resource management leading to those steady states. The difference in NPV's between the case with and without management is one approach to characterizing damages from the invasive species (or alternatively, the benefits of invasive species management).
Prosopis pallida was introduced from South America to areas in Asia, Africa, and Oceania during the early nineteenth century. The first kiawe in Hawai'i was planted in 1828 on the island of O'ahu (Wilcox 1910 , Birkett 2007 . By the 1890s, kiawe was widely recognized for its use as cattle feed and fuel wood. Consequently, kiawe spread rapidly throughout the dry leeward lowland areas of O'ahu and the other main islands of Hawai'i, its spread directly linked to its use as feed for the growing cattle industry in Hawai'i.
A characteristic of kiawe's invasive nature is its rapid growth, described as reaching full height of 6-8m within three or four years (Hall 1904) . The tree reaches maximum height and productivity in riparian zones with access to shallow groundwater (Schade et al. 2003) . Kiawe are described as phreatophytes ("groundwater-loving plants"), referring to their root system, which is capable of accessing relatively deep groundwater sources. This deep taproot system has been implicated in lowering groundwater tables in Hawai'i (Richmond and Mueller-Dombois 1972) . On Kaho'olawe, Stearns (1940) found that a decline in the groundwater level coincided with the spread of kiawe. Zones (1961) speculated that kiawe transpiration was responsible for an observed daily rise and fall of the groundwater level on O'ahu (Pasiecznik et al. 2001) . Large stands of kiawe remain on all the main islands of Hawai'i, particularly where development is limited and cattle ranching continues.
Decision rules for the economically efficient allocation of groundwater were first developed almost half a century ago (Burt, 1967; Brown and Deacon, 1972) . More recent efforts have refined the hydrogeological aspects of the management framework, developed instruments for implementing optimal extraction, and considered the welfare implications of various management strategies (Krulce et al., 1997; Koundouri 2004; Brozović et al., 2010) . Few, however, have considered the simultaneous management of natural resources that are interconnected with the aquifer of interest. Those that have modeled resource interdependency (both within and outside the groundwater literature) typically focused on management of a single resource, taking harvest from the adjacent resource as exogenous, e.g., shrimp farms and offshore fisheries (Barbier et al., 2002) and groundwater and nearshore species such as seaweed .
Efficient joint management of water and invasive species will recognize linkages between these resources (Burnett et al. 2007 , Funk et al. 2014 . Managing invasive species can have direct or indirect benefits on environmental outcomes such as water quality (Connelly et al. 2007 ), air quality (Jones et al. 2006) , and landscape flammability (Wada et al. 2017) . There are several examples of invasive species with well-measured effects on linked water resources (Turpie et al. 2008 , Van Wilgen 2001 . An example of a plant invader with well-studied implications to water is salt cedar (Tamarix spp.), which is found in floodplains throughout in the southwestern United States and consumes 3000-4600 cubic meters per hectare per year more water than does the native vegetation that it replaces (Zavaleta 2000) . Another plant species, yellow starthistle (Centaurea solstitialis), results in water losses due to its late summer drawdown of soil moisture amounting to as much as $75 million each year in the economically important agricultural region surrounding the Sacramento River (Gerlach 2004 ). In the model presented here, management decisions consider direct tradeoffs both between resources (groundwater and kiawe) and over time. In an application near Kīholo Bay on the island of Hawai'i, a basic groundwater management model was modified to include water uptake by kiawe.
Our study site is located along the Kona coast near Kīholo Bay on Hawai'i Island. Kiawe's long taproots extend into the ground through cracks in the rock. Kīholo Bay receives considerable shallow submarine groundwater discharge near its shoreline via freshwater flow from the upper watershed (Peterson et al., 2009) . Dudley et al. (2014) documented kiawe's access to groundwater along this coast and found that kiawe stands were able to successfully access and utilize groundwater and subsequently transpire substantially (~80%) more water than was supplied via rainfall. Results support the idea that the presence of kiawe has altered the hydrological processes of this region, which is now characterized by a negative water budget through groundwater uptake and continuous transpiration. We use this data to parameterize an illustrative joint management model of groundwater and kiawe, where the stock of groundwater provides benefit, and the stock of kiawe affects this benefit directly via groundwater uptake through its taproots.
Materials and Methods

Aquifer dynamics
We assume a single-cell coastal aquifer (Figure 1) , where the head level (h), or the distance between mean sea level and the top of the freshwater lens, is proportional to the volume of stored groundwater; γ is a volume-height conversion factor. The head level changes over time according to recharge (R), natural leakage along the aquifer boundary (L), extraction (q), and uptake (u) by overlying kiawe trees (K) as shown in equation (1):
Recharge (R), or the quantity of freshwater that replenishes the aquifer annually, is taken as exogenous and constant in our model, but more generally depends on factors such as precipitation patterns, characteristics of adjacent water bodies, and the types of land cover overlying the recharge zone. Leakage is an increasing and convex function of head (i.e., (′ ℎ " > 0 and (′′ ℎ " ≤ 0). A higher head level generates greater pressure along the aquifer boundary, ultimately resulting in more leakage at the coast in the form of submarine groundwater discharge and/or springs. 
Kiawe dynamics
Kiawe spreads according to the stock-dependent net-growth function F. We assume that the growth represents the spread of kiawe over space, and in the application the stock (K) is measured in units of area (e.g., hectares). Kiawe can also be removed or exterminated at rate x. Thus, the change in kiawe stock in any period is determined jointly by its natural growth rate and management effort (equation 2).
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Benefits
The benefit of water use is measured as the area under the inverse demand curve (D -1 ) as shown in equation (3): (3) 5 " = 6 78 9 " , ; <9
A backstop resource (b), desalination, can be used to supplement or replace groundwater extraction. 1 We assume that the sources are indistinguishable in terms of quality and therefore have the potential to generate identical marginal benefits at a given level of consumption. The inverse demand is also directly a function of t to allow for the possibility that demand for water is rising over time due to population and/or per capita income growth.
Costs
The cost of groundwater extraction is a decreasing and convex function of the head level c q (h). The more depleted the aquifer, the more energy is required to lift groundwater over a longer distance to the ground surface. We assume that desalinated brackish water can be obtained at a constant unit cost c b .
The unit cost of tree removal (c x ) is assumed to be constant and is comprised of chemical, mechanical and/or labor costs. We assume that once a tree is removed, no additional maintenance is required. The total cost of obtaining water and managing kiawe in period-t is shown in equation (4): (4) B " = C = ℎ " ) " + C @ E " + C F G "
Optimization problem
The dynamic optimization problem faced by the resource manager is to choose groundwater extraction, desalination, and kiawe removal in every period to maximize the present value (PV) of net benefits (equation 5), i.e. (1) and (2), as well as non-negativity constraints on the control variables and head level. The discount rate (r) is positive, and the initial head level (h 0 ) and kiawe stock level (K 0 ) are known. The corresponding current value Hamiltonian is shown in equation (6):
where O is the co-state variable or shadow price of the groundwater stock and R is the co-state variable or shadow price of the kiawe stock.
The Maximum Principle requires that the following necessary conditions (equations 7-13) hold (Chiang, 2000) :
Efficiency price for water
The efficiency price is defined as the price that would incentivize the optimal rate of water extraction and consumption generated by the solution to equation (5). Taking the time derivative of λ in (7) results in $O " = b " − C c ℎ " ℎ " , where b " ≡ 6 78 ) " + E " , ; . The following equation can then be derived by plugging that result and (7) into (10):
The right-hand side of equation (14) is the marginal opportunity cost (MOC) of groundwater extraction and includes two terms: the marginal extraction cost and marginal user cost (MUC) of water. At the optimum, the marginal benefit of water (p) must be equal to the MOC. Otherwise, an incremental increase or decrease in pumping could raise total PV net benefit. Interpretation of the marginal extraction cost is straightforward, but the MUC requires some explanation. The MUC represents the PV cost associated with the decision to pump a unit of water today, rather than wait. It includes effects on future prices, future changes in extraction costs, and future changes in leakage. The impact of kiawe is captured in the numerator; a higher stock of K, all else equal, reduces the head level and therefore amplifies the extraction cost effect.
Optimal kiawe removal
An optimality condition, analogous to the efficiency price condition for water, can be derived for kiawe by taking the time derivative of (9) and substituting the result into (11):
Equation (15) says that the marginal cost of keeping water in the ground via kiawe removal should be equal to the marginal benefit of that water. From (7) and (14), we can see that O is the MUC along the optimal path. Thus, the right-hand side of (15), is the value of the change in uptake generated by a marginal increase in x, adjusted for the discount rate and the growth effect.
Since the Hamiltonian (6) is linear in kiawe removal (x), management should follow a most rapid approach path (MRAP) to the steady state. The optimal removal rule is to choose the maximum feasible number of trees to remove in every period whenever the left-hand side (LHS) < righthand side (RHS) in (15), until the optimal long-run level of K is reached, at which point x* = F(K*). If instead LHS > RHS in (15), the manager should allow kiawe to grow until K* is reached, at which point x must be chosen to maintain K*.
Generally, optimal deferment of kiawe removal is more likely when c x is high, λ is low (groundwater is relatively abundant), the uptake rate is low, the discount rate is high, and/or the kiawe growth rate is low.
Optimal internal steady state
An optimal internal steady state solution is one in which the backstop resource is never used. For any candidate steady state solution, all state variables must remain constant. The optimal steady state head level (h*), if it exists, must therefore satisfy E = 0, b = 0, ℎ = 0, + = 0, and
It is straightforward to confirm that the partial derivative of the RHS of equation (16) with respect to h* is unambiguously negative. Thus, the steady-state head level that solves (16) is unique. If the candidate MOC* is less than the cost of desalination, then h* is unique and optimal. If instead the MOC at the candidate internal steady state is greater than c b , then the unrestricted steady state is not optimal, and desalination should be used in the steady state to supplement pumping.
Optimal backstop steady state
If it is determined that the internal steady state solution corresponding to (16) is not optimal, then the long-run solution includes desalination. The optimal backstop steady state head level (ℎ @ * ) must satisfy b = C @ , b = 0, ℎ = 0, + = 0, and
One can show that the partial derivative of the RHS of equation (17) with respect to ℎ @ * is unambiguously negative, ensuring that the solution is unique. Moreover, since b * > C @ , it must be true that ℎ * < ℎ @ * , which implies that ℎ @ * is not only unique but also positive. In summary, if b * < C @ then the h* in (16) is the optimal internal steady state solution. If not, then the ℎ @ * in (17) is the optimal backstop steady state solution.
Application
We use the hydrological parameters and equations from Pongkijvorasin et al. (2010) , Duarte (2002) , and Mink (1980) to characterize the groundwater resource. Our study site, the Kīholo aquifer, is a thin basal groundwater lens located on the North Kona coast of Hawai'i Island. We assume a sharp freshwater-saltwater interface because the high porosity in Kīholo renders the brackish transition zone relatively thin. The equation of motion for the head level can be expressed as ℎ " = ( rAAA s8tuj )(& − ((ℎ " ) − ) " ), where v is porosity (the ratio of pore space available for the transmission of fluids to the total volume of rock), W is aquifer width, and L is aquifer length. For the Kīholo aquifer, porosity is 0.3, W is 6,000 m, and L is 6,850 m, which implies that the volume-height conversion factor $ = rAAA s8tuj = 0.00000396. The structural expression for leakage or discharge is ( ℎ " = çℎ " r , with z = 4,800 in for the Kīholo aquifer. Recharge is assumed constant at 15,114 tm 3 /year. The cost of pumping groundwater is driven primarily by the cost of energy required to lift the water to ground level. The unit cost of water extraction as a function of lift for the Kīholo aquifer is C ℎ " = 0.001(403.2 − ℎ " ), and the unit cost of desalination, including amortized capital costs, is estimated at $2.00/m 3 . We use a linear demand function of the form b " = 3.98 − 0.006) " , where the coefficients were determined using the retail price in the region and an assumed price elasticity of -0.7.
Kiawe growth is assumed to follow a logistic growth function of the form í+ " (1 − + " /ì), where g is the intrinsic growth rate and ì is the carrying capacity (Conrad, 2012) . The former varies from 2.5% to 7.5% in our sensitivity analysis, with 5% representing the baseline case. The latter was estimated to be roughly 400 ha, using satellite imagery of the region. Although the rate of kiawe growth is not very well understood and varies by location, existing studies suggest that Prosopis can spread at rates ranging from 3.5-30% (Shackleton et al., 2015; Wise et al., 2012) . Miyazawa et al. (2015) estimated that annual transpiration of kiawe in the Kīholo region is roughly 84% higher than rainfall, and that imbalance is attributed to groundwater uptake. Annual rainfall at the study site during the period of data collection was 188 mm, which translates to approximately 1.6 tm 3 /ha/year. The baseline value for uptake is 1.6 tm 3 /ha/year, and we allow it to vary from 0.4 to 2.8 tm 3 /ha/year, which is ±75% of the baseline case, in the sensitivity analysis. Other studies outside of Hawai'i have estimated uptake rates ranging from 0.03 to 0.66 tm 3 /ha/year (Dzikiti et al., 2013; Le Maitre et al., 2015; Wise et al., 2012) . 
Unit groundwater extraction cost C ℎ " = ñB(ℎ óLò − ℎ " ) Inverse demand for water b " = ô − E) " Kiawe water uptake *(+ " ) = î+ " Kiawe growth + " = í+ " (1 − + " /ì)
Results
Assuming a constant unit cost of kiawe removal, optimal kiawe management will follow a most rapid approach path to the steady state (recall that the Hamiltonian is a linear function in removal). In other words, the optimal decision will be to either remove all the kiawe if the damage is greater than the removal cost or to remove none of the kiawe if the damage is less than the removal cost. Kiawe damage is calculated for each scenario as the difference in net present value (NPV) of water use with and without kiawe present. Damage depends largely on the scarcity of water, which in turn is determined by 1) water demand and 2) water consumed by kiawe. Thus, we explore the sensitivity of the results with respect to the growth rate of water demand, the kiawe uptake rate, and the intrinsic growth rate of kiawe. We begin by solving for the optimal paths and NPV of optimal water management under the assumption that no kiawe is present. Then, the optimal paths and NPV of joint water and kiawe management are calculated. The optimal management of kiawe is determined by comparing the damage costs with removal costs.
Optimal water management without kiawe
We begin by solving for optimal water management without kiawe for different growth rates of water demand (Figure 2 ). In general, water use is growing while head level is declining over time. For higher growth rates of water demand, total water use grows at a faster rate, and the head level is drawn down more rapidly as expected. Taking a slightly more nuanced approach, we divide the results into three groups, according to the growth rate of water demand. 
Zero or low growth rate of water demand
When the growth rate of water demand is less than ~1.5%, groundwater extraction increases at the same rate as water demand (Figure 2a) , leaving the efficiency price of water constant. The year head level decreases slowly over time but remains positive at the end of the planning horizon (year 100), which implies that groundwater is still available (Figure 2c ). The backstop resource, desalination, is never introduced. Net benefits from water use grow at the same rate as water demand (Figure 2d ).
Moderate growth rate of water demand
When the growth rate of water demand falls in the range of 1.5-2%, the groundwater head level optimally reaches approximately zero at year 100 (Figure 2c ). In the beginning, optimal groundwater extraction grows at the same rate as water demand. However, as we approach the end of the planning horizon, the rate of optimal extraction falls, due to the impending scarcity of groundwater (Figure 2a) . The backstop resource is still avoided in this case. The net benefit from water use grows apace with water demand initially but falls behind in later years (Figure 2d ).
High growth rate of water demand
When the growth rate of water demand exceeds 2%, groundwater is depleted before year 100, thus requiring desalination as a supplementary resource (Figure 2c ). For example, if water demand grows at 2.5% or 3% annually, then the backstop is optimally introduced in year 84 and 74 respectively. Like in the moderate growth rate case, extraction grows at the same rate as water demand initially but slows as groundwater is depleted. Once desalination is introduced, groundwater extraction is limited to recharge and any demand exceeding extraction is met by the backstop resource. Thus, total water use grows at the same rate as water demand once desalination comes online (Figure 2b ). Net benefit from water use grows at the same rate as water demand initially, grows more slowly in intermediate years, drops sharply at the introduction of desalination, and then returns to the growth rate of water demand near the end of planning period (Figure 2d ).
Optimal water management with kiawe
In the presence of kiawe, less water will be available for consumption due to uptake. Overall, groundwater extraction, head level, and net benefit from water use will be lower than in the case of no kiawe (Figure 3 ).
Zero or low growth rate of water demand
With zero or low water demand growth, groundwater is still available after 100 years, and the optimal path of groundwater extraction is only slightly lower than the no kiawe case (Figure 3a) . This results in a lower optimal head level path (Figure 3c ) and NPV from water use (Figure 3d ). Desalination is never used. When demand is constant, for example, the presence of kiawe lowers optimal groundwater extraction by less than 1 tm 3 /year (Figure 3a) , and the head level at year 100 is 1.35 m, compared to 1.40 m without kiawe (Figure 3c ). The corresponding damage cost of kiawe is estimated at $2,427 for the entire area or $24.27/ha over 100 years, which means that all the kiawe should be removed in the initial period only if removal cost is less than $24.27/ha. If instead the removal cost is higher than $24.27/ha, optimal kiawe management entails no removal initially. (Kiawe damage per hectare will sometimes be referred to as the "critical removal cost" hereafter.) When the growth rate of demand is 1%, the critical removal cost increases to $44.45/ha (Table 3) . When demand growth is low, kiawe damage is due entirely to future increases in groundwater extraction cost as the head level declines.
Moderate growth rate of water demand
With moderate demand growth, optimal groundwater extraction is lower than the no kiawe case (Figure 3a) . The difference starts small but grows over time as water becomes scarcer. Along the optimal path, the head level is lower than the no kiawe case (Figure 3c ). Like the extraction rate, net benefit from water use with kiawe is lower than the case without kiawe (Figure 3d) . The backstop resource, desalination, is never used. As a specific example, when the growth rate of water demand is 1.5%, the optimal groundwater extraction rate is about 1 tm 3 lower than optimal extraction without kiawe in the first year (Figure 3a) . By year 100, that difference grows to 1,550 tm 3 . The head level with kiawe is lower everywhere along the optimal path, but in both cases, the head level reaches 0 at year 100 ( Figure 3d ) and the backstop is never used. The damage from kiawe is negligible in the first year, but it increases to more than $230,000 for the entire area in year 100 in current value terms. The present value damage of kiawe is estimated to be $188,379 for the entire area over 100 years, implying a critical removal cost of $1,884/ha (Table 3) . When demand growth is moderate, kiawe damage is driven by two factors: 1) the higher cost of future groundwater extraction due to the head level effect and 2) limited water supply, which puts downward pressure on optimal extraction in later years.
High growth rate of water demand
When the growth rate of water demand is high, the head level is completely drawn down within 100 years (Figure 3c ). Before the backstop is optimally introduced, the general pattern of optimal extraction and net benefit is the same as the moderate growth case. After the introduction of desalination (when the head level reaches 0 m), groundwater extraction is limited to recharge, net of kiawe uptake. Although total water use is the same whether kiawe is present or not (Figure  3b) , the difference in net benefit after the backstop introduction stems from the relatively high cost of desalination (Figure 3d ). For example, if the growth rate of demand is 3%, the backstop is optimally introduced in year 73, one year earlier than the no kiawe case. The difference in groundwater extraction increases from 0 to almost 700 tm 3 in 72 years ( Figure 3a) . Once the backstop is introduced, the difference is equal to kiawe uptake, or approximately 700 tm 3 /year. The damage cost of kiawe is estimated at $5,859,970 for the entire area over 100 years, which corresponds to a critical removal cost of $58,600/ha (Table 3) . When demand growth is high, kiawe damage is explained by three factors: 1) the higher cost of future groundwater extraction due to the head level effect, 2) the need to save water before the head level is drawn down, and 3) the high cost of the backstop technology relative to groundwater extraction. Using the optimal paths illustrated in Figure 3 , we estimate kiawe damage costs (Table  3) . As the rate of water demand growth increases, water scarcity increases, and the damage of kiawe is higher. Interestingly, the damage of kiawe is not linearly increasing with growth in water demand. When the growth rate of water demand is low, kiawe damage increases slowly because damage is only driven by higher future extraction costs. However, at moderate and high growth rates of water demand, the damage cost of kiawe increases drastically due to additional pressure from increased water scarcity and the relatively high cost of the backstop resource (Figure 4a) 2 . (a) Growth rate of water demand 0-3% (b) Growth rate of water demand 1.44-1.48%
Figure 4: Damage cost of kiawe for different water demand growth rates
The decision of whether to remove kiawe depends primarily on the growth in water demand and kiawe removal costs. For example, when the cost of removal is around $100/ha, the entire kiawe stock should be removed from the outset if water demand is forecasted to grow faster than 1.45% per year (Figure 4b ). However, if water demand is forecasted to grow more slowly, kiawe should not be removed, as the cost is higher than the benefit of removal. If the estimated cost of removal is doubled to $200/ha, the critical growth rate of water demand changes only slightly, from 1.45 to 1.46%. And if water demand is forecasted to grow faster than 1.5%, it is very likely that the entire stock of kiawe should be removed in the first period because the critical removal cost is as high as $1,884/ha.
Management studies in other locations for species similar to kiawe report management costs ranging from as low as $10/ha up to over $600/ha in 2016 dollars (March et al., 1996; Teague et al., 1997; Teague et al., 2001; Wise et al., 2012; Shackleton et al., 2015) . The differences in costs is driven largely by differences in habitat and removal method. Due to environmental sensitivities and proximity to culturally significant artifacts, in Hawai'i costs for kiawe removal have been estimated to be as high as $2,800 per quarter hectare (unpublished data 3 ). Despite the high estimated cost of kiawe removal in Hawai'i, the critical growth rate of water demand remains below 2%. That is, removal of all kiawe in the initial period at a cost of $24,485/ha is optimal, as long as demand growth is at least 2%.
Sensitivity analysis on uptake rate
The kiawe uptake rate affects water scarcity and hence kiawe damage costs. In the baseline model, an uptake rate of 1.6 tm 3 /ha/year is applied based on the work done by Miyazawa et al. (2015) . We conduct sensitivity analysis for uptake rates equal to ±50% and ±75% of the baseline case (0.4, 0.8, 2.4 and 2.8 tm 3 /ha/year). Our results suggest that varying the uptake rate affects 3 Kiawe removal with chain saws and corresponding labor hours was estimated by a private trust managing coastal lands on the island of Hawaii. the value of kiawe damage. As expected, a higher uptake rate implies higher damage due to increased water scarcity. When water demand is constant, the damage costs of kiawe for the entire area are $604, $1,210, $2,427, $3,650, and $4,263 for uptake rates of 0.4, 0.8, 1.6, 2.4, and 2.8 tm 3 /ha/year respectively (Table 3) . When water demand is growing at an annual rate of 3%, the damage costs of kiawe for the entire area are $1.4, $2.9, $5.9, $8.8 and $10.4 million for uptake rates of 0.4, 0.8, 1.6, 2.4, and 2.8 tm 3 /ha/year respectively (Table 3) .
Although the uptake rate affects total kiawe damage substantially, the critical growth rate of water demand, for which damage costs start to increase drastically, is relatively insensitive to uptake values. Figure 5a shows that although the level of damage changes as the uptake rate is varied, the critical growth rates of water demand in all three cases remain clustered around 1.5%. More specifically, a positive or negative change in the baseline uptake rate by 75% only affects the critical growth rate of water demand by less than ±0.05% (Figure 5b ). This insensitivity of the critical growth rate suggests that the decision of whether to remove kiawe from the start is not largely dependent on the uptake rate.
(a) Growth rate of water demand 0-3% (b) Growth rate of water demand 1.4-1.5%
Figure 5: Damage cost of kiawe for different uptake rates
Sensitivity analysis on intrinsic growth rate of kiawe
The growth rate of kiawe is an important factor that affects the stock of kiawe and thus, the scarcity of water. For the baseline case, we assume an intrinsic growth rate of 5%. We conduct sensitivity analysis by varying the intrinsic growth rate of kiawe by ±50% of the baseline case (2.5% and 7.5%). Like for uptake rate, a change in the intrinsic growth rate of kiawe affects the level of damage; the higher the growth rate, the higher the damage cost. For example, when the demand for water is constant, the damage costs of kiawe for the entire area are $1,800, $2,427, and $2,857 for intrinsic growth rates of 2.5%, 5%, and 7.5% respectively. When the demand for water is growing at 3% annually, kiawe damage costs for the entire area are $4.2, $5.9, and $6.5 million for intrinsic growth rates of 2.5%, 5%, and 7.5% respectively (Table 3 ).
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12,000,000 0 0.5 1 1.5 2 2.5 3 Uptake 0. Although an increase in the intrinsic growth rate of kiawe raises the level of damage, it does not affect the critical growth rate of water demand for which damage costs begin to rise drastically. Figure 6 shows that, for intrinsic growth rates within the range of 2.5-7.5%, the critical growth rate of water demand remains nearly constant, ranging from 1.45-1.48%. As a result, the decision of whether to remove kiawe from the outset is not sensitive to changes in the intrinsic growth rate. Overall, damage costs and the critical demand growth rate are less sensitive to changes in the intrinsic growth rate than they are to changes in the uptake rate.
(a) Growth rate of water demand 0-3% (b) Growth rate of water demand 1.4-1.5% 
Sensitivity analysis on discount rate
The discount rate is another factor affecting costs and consequently optimal planning decisions. It represents how the planner assigns different weights for benefits and costs occurring in different periods. A discount rate of 3% is applied in the baseline model. In this section, results are calculated for discount rates of 0% and 7%. We find that, when the discount rate increases, the damage cost of kiawe decreases. For example, when water demand is constant, the damage costs of kiawe for the entire area are $12,585, $2,427, and $604 for discount rates of 0%, 3%, and 7% respectively (Table 3) . When water demand is growing at 3% per year, the damage costs of kiawe for the entire area are $52.7, $5.9, and $0.4 million for discount rates of 0%, 3%, and 7% respectively (Table 3 ).
The results show that the discount rate affects the damage cost of kiawe substantially. We also find that the critical growth rate of water demand is dependent on the discount rate. In the baseline case with a 3% discount rate, the critical growth rate of water demand is around 1.45%. When the discount rate is 0%, the critical growth rate of water demand drops to around 1%; while for a 7% discount rate, the critical growth rate increases to around 2% (Figure 7) . The results show that if the discount rate is varied between 0-7%, the critical growth rate of water demand varies between 1-2%. While the results are more sensitive to variations in the discount rate than they are to variations in the rates of kiawe uptake or growth, the absolute change in the critical growth rate of water demand remains small. 
Conclusion
We developed an analytical dynamic framework for the joint optimization of two interacting resources: kiawe and groundwater. The theoretical results suggest that along the optimal path, the efficient extraction of groundwater is partially driven by the effect of kiawe on the groundwater stock. In particular, uptake of groundwater by kiawe reduces future head levels, resulting in higher future extraction costs. At the same time, the optimal path of the kiawe stock, and hence kiawe removal, is driven partially by the shadow price of groundwater. When water is scarcer, the effect of uptake is more pronounced, and the marginal benefit of kiawe removal is higher. Together, these results suggest that managing the resources independently, i.e. treating either of the stocks as exogenous to the model, can result in inefficiency and an overall reduction in welfare.
We then applied our developed framework, using available data for the Kīholo aquifer on the Island of Hawai'i. Assuming the unit cost of kiawe removal is constant, the optimal kiawe stock follows a most rapid approach path (MRAP) to its long-run value. Because the MRAP requires a comparison of kiawe marginal (avoided) damage to marginal removal costs, we were interested in simulating the effect of key damage-related parameters. The externality or damage cost of kiawe generally depends on the scarcity of water, so our numerical simulations focused on water scarcity parameters, including water demand growth, the groundwater uptake rate of kiawe, and the intrinsic growth rate of kiawe. We divided optimal outcomes into three categories, based on the growth rate of water demand: zero-to-low, moderate, and high growth rate. In the zero-to-low growth rate category, groundwater is still available at the end of the planning period (year 100), -500,000
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and damage costs are driven entirely by higher future groundwater extraction costs. For moderate rates of demand growth, the extraction cost effect on damage is compounded by the need to conserve water toward the end of the planning period. When the growth of demand is high, kiawe damage is further amplified by a backstop effect; higher growth rates result in the implementation of relatively costly desalination to supplement groundwater use before year 100.
Comparing the three scenarios side-by-side, our results suggest that the damage cost of kiawe is not linear in the growth of demand. Damages rise slowly at first but increase substantially once the growth rate exceeds approximately 1.45%. For example, increasing demand growth from 1.45% to 1.5% raises the critical damage cost by an order of magnitude from $88/ha to $1,884/ha. Given the current range of estimated removal costs, all kiawe should be removed if the growth rate of water demand is at least 2% per year.
To test the sensitivity of our results to damage-related parameters, we considered a range of kiawe uptake rates, intrinsic growth rates, and discount rates. Even when allowing uptake and kiawe growth to vary by ±75% and ±50% of the baseline values respectively, the general outcomes remain largely unchanged. The overall level of kiawe damage shifts up, but the critical demand growth rate remains close to 1.45%. Given the assumptions of our model, the decision of if/when to optimally remove kiawe is much more sensitive to the rate of water demand growth than it is to both the intrinsic growth rate of kiawe and the rate of groundwater uptake by kiawe.
Varying the discount rate has a relatively large effect on the damage cost of kiawe and the critical demand growth rate, which is not unexpected given the length of the time horizon (100 years) under consideration.
We conclude with a brief discussion of potential extensions to the developed framework and directions for further research. Although we tested the sensitivity of our results by varying several of the parameter values, uncertainty was not built directly into the model. The robustness of our results could be improved by integrating methods developed by others to address stochastic water demand problems (e.g. Koundouri, 2004; Korteling et al., 2013; Matrosov et al., 2013; Beh et al., 2015) , especially as the weather becomes more extreme and unpredictable in Hawai'i (Elison Timm et al., 2015; Zhang et al. 2016 ) and elsewhere. A more sophisticated approach to modeling the biology of kiawe could also change our management implications. The optimal removal of kiawe in our model followed a most rapid approach path by design. Generally, however, the optimal control strategy could be age/size dependent if, for example, root depth is modeled to increase with age. Furthermore, if a constraint on maximum root depth could be reasonably approximated-current studies suggest that the value ranges across Prosopis species and locations from 2 to 53 meters (Stone and Kalisz, 1991; Canadell et al., 1996; Le Matire et al., 1998) -there may be an incentive to deplete the aquifer sooner rather than later to reduce uptake.
